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Abstract
Quarks whose left- and right-handed chiral components are both singlets
with respect to the SU(2) weak-isospin gauge group, offer interesting physics
possibilities beyond the Standard Model (SM) already studied in many con-
texts. We here address some further aspects. We first collect and update
the constraints from present data on their masses and mixings with conven-
tional quarks. We discuss possible effects on b → sγ and Z → bb¯ decays
and give fresh illustrations of CP asymmetries in B0 decays differing dramat-
ically from SM expectations. We analyse singlet effects in grand unification
scenarios: d-type singlets are most economically introduced in 5+ 5∗ mul-
tiplets of SU(5), with up to three generations, preserving gauge coupling
unification with perturbative values up to the GUT scale; u-type singlets
can arise in 10+ 10∗ multiplets of SU(5) with at most one light generation.
With extra matter multiplets the gauge couplings are bigger; we give the
two-loop evolution equations including exotic multiplets and a possible extra
U(1) symmetry. Two-loop effects can become important, threatening unifi-
cation (modulo threshold effects), perturbativity and asymptotic freedom of
α3. In the Yukawa sector, top-quark fixed-point behaviour is preserved and
singlet-quark couplings have infrared fixed points too, but unification of b and
τ couplings is not possible in a three-generation E6 model.
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I. INTRODUCTION
In addition to the established three generations of quarks in the Standard Model (SM),
the possible existence of exotic singlet quarks (whose left and right chiral components are
both singlets with respect to the SU(2) weak isospin gauge group) has been raised in various
contexts. It was once questioned whether the b quark might be such a singlet, with no
doublet partner t [1]. One charge −1
3
singlet quark appears naturally in each 27-plet fermion
generation of E6 Grand Unification Theories (GUTs) [2–4]. Charge
2
3
singlet quarks have
been variously motivated, as part of a new mass mechanism for top quarks [5] or as part of
a new supersymmetric gauge model with natural baryon-number conservation [6]. If they
exist, both kinds of singlet quarks can be produced via their strong and electroweak gauge
couplings; mixing with standard quarks then allows the mixed mass eigenstates to decay
via charged currents (CC) or neutral currents (NC) to lighter quarks q plus W or Z [3,4,7],
and also via Yukawa couplings to q plus Higgs bosons H [8,9]. Singlet quark production and
decay can therefore give characteristic new signals and modifications of old signals, discussed
in the literature [3–5,7,8,10–16]. Possible indirect consequences of singlet-quark mixing for
flavor-changing neutral currents (FCNC), flavor-diagonal neutral currents (FDNC) and CP
violation have also been considered [5,17–26]
In the present paper we address some further aspects of singlet quark physics. We first
collect and update the direct and indirect constraints on masses and singlet-doublet mixing
from present data, illustrating possible effects on b → sγ and Z → bb¯ decays and on CP
asymmetries in neutral B decays. We then analyse the impact of Q = −1
3
and Q = 2
3
singlet
quarks on the renormalization group equations (RGE), on the unification and perturbativity
of gauge and Yukawa couplings, and on the exotic matter multiplets in GUT scenarios.
Section II introduces our notation and lists general basic properties of singlet quark
couplings and mixings with SM quarks. Section III addresses the 4 × 4 mixing matrix,
arising when one singlet mixes with three SM quarks, and extracts the full set of unitar-
ity constraints based on present limits on the CKM submatrix. Section IV discusses the
3
constraints implied by the absence of identifiable signals from singlet-quark production and
decay at present e+e− and pp¯ colliders. Section V considers tree and box diagram contribu-
tions to neutral meson-antimeson oscillations and the indirect constraints on singlet-quark
mixing from present data. Section VI addresses indirect constraints from FCNC and FDNC
decays, including a new more stringent measurement of KL → µ+µ− and weak bounds from
B0, D0 → µ+µ− limits; the topical cases b→ sγ and Z → bb¯ are discussed here. The global
FDNC constraints are comprehensive enough to have useful repercussions via unitarity, for
d-type singlet mixing. Section VII discusses CP asymmetries in neutral B decays, with
new illustrations of how d-type singlet mixing can give dramatic changes from SM expec-
tations. Section VIII, our major new contribution, analyses the possible roles of singlet
quarks in GUT scenarios. We show that d-type singlets are most economically introduced
in 5 + 5∗ multiplets of SU(5), with up to three generations, preserving gauge coupling
unification and perturbativity up to the GUT scale; u-type singlets can arise in 10 + 10∗
multiplets of SU(5) with at most one light generation. The presence of extra matter mul-
tiplets makes the gauge couplings bigger and two-loop effects potentially more important.
We give the two-loop evolution equations, including the effects of exotic matter multiplets
and a possible additional U(1)′ gauge coupling, and show that two-loop effects can threaten
not only unification (where threshold effects may partly compensate) but also perturbativity
and asymptotic freedom of α3 at large scales. In the Yukawa sector, top-quark fixed-point
behaviour is preserved and singlet-quark couplings have infrared fixed points too, but unifi-
cation of b and τ couplings is not possible in a three-generation E6 model. Finally, Section
IX summarizes our conclusions while Appendices A and B contain some technical details.
II. BASIC PROPERTIES AND NOTATION
We shall generally denote singlet quarks by the symbol x, and SM quarks by q. More
specifically, xd denotes a generic charge −13 singlet and xu implies charge 23 . The weak
isospin T3 and hypercharge
1
2
Y of the left and right chiral components, characterizing their
4
SU(2) and U(1) gauge couplings, contrast with SM assignments as follows:
uL dL xuL xdL uR, xuR dR, xdR
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2
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where Q = T3 +
1
2
Y is the electric charge. The vector and axial couplings to Z are
u d xu xd
gV
1
4
− 2
3
sin2 θW −14 + 13 sin2 θW −23 sin2 θW 13 sin2 θW
gA −14 14
where θW is the Weinberg angle. Both SM and singlet quarks are color triplets and have
the same couplings to gluons g. Hence singlet quarks have pure vector gauge couplings to
g, γ, Z (and zero coupling to W ); they are sometimes called “vector-like” or more precisely
“vector-singlet” quarks. They do not contribute to chiral anomalies.
(a) 2× 2 quark mixing example
Yukawa interactions with Higgs fields generate quark masses and mixings. Mixing with
conventional quarks provides natural decay channels and is expected at some level, since new
quarks are necessarily unstable [27]. Suppose first, for simplicity, that mass eigenstates q, x
arise from the mixing of just one SM quark field q′ with a singlet quark field x′ of the same
(unspecified) charge. Then the SM Higgs fieldH can generate am′q¯′Lx
′
R+h.c. mixing term as
well as the usualmq¯′Lq
′
R+h.c. mass term. A pure singlet mass termMx¯
′
Lx
′
R+h.c. requires an
isosinglet Higgs field S with vacuum expectation value vS and coupling (M/vS)Sx¯
′
Lx
′
R+h.c.;
this field can also generate a M ′x¯′Lq
′
R term. We then have the 2× 2 mass matrix
 m m
′
M ′ M

 (1)
where the rows refer to q¯′L, x¯
′
L and the columns refer to q
′
R, x
′
R. This is diagonalized by
independent rotations of L and R coordinates, giving quark mass eigenstates q and x:
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qL = q
′
L cos θL − x′L sin θL , qR = q′R cos θR − x′R sin θR , (2)
xL = q
′
L sin θL + x
′
L cos θL , xR = q
′
R sin θR + x
′
R cos θR . (3)
Since no singlets have yet been discovered, it is natural to assume that the mixing angles
θL, θR are small and x is much heavier than q (at least for q = u, d, s, c, b), with mq ≃ m,
mx ≃ M ≫ m,m′,M ′. Then q and x are dominated by q′ and x′ components, respectively,
with θL ≃ m′/M, θR ≃ M ′/M . Note that SU(2)L gauge couplings relate exclusively to q′L
and hence are controlled by the left-handed mixing angle θL only.
The heavy mostly-singlet quark x can now decay to q′′W and qZ via the couplings
Lxq′′W = − g√
2
sin θLq¯
′′
Lγ
µWµxL , (4)
LxqZ = −gZ
2
sin θL cos θLq¯Lγ
µZµxL . (5)
where g is the SU(2) gauge coupling, gZ = g/ cos θW and q
′′
L is the combination of light quarks
that couple via W to q′L. Since cos
2 θL ≃ 1 by assumption, this gives branching fractions in
the ratio B(x → q′′W )/B(x → qZ) ≃ 2 up to phase space factors [3]. Furthermore, if the
SM Higgs boson is light enough, x can also decay to qH via the coupling
LxqH = − gm
′
2MW
q¯LHxR ≃ −g sin θLmX
2MW
q¯LHxR . (6)
Hence the Higgs decay mode too is scaled by sin θL, and the three decay branching fractions
are in the ratios [8]
B(x→ q′′W ) : B(x→ qZ) : B(x→ qH) ≃ 2 : 1 : 1 (7)
up to phase space factors that are close to 1, if mx ≫ MW ,MZ ,MH , mq, mq′′. These ratios
can however be altered greatly if this mass ordering does not hold, or if there is large mixing
[8,12–14,16].
In general singlet quarks can mix with all SM quarks of the same charge, requiring a
more extended formalism. We first consider scenarios with just one new singlet quark.
(b) One Q = −1
3
singlet quark mixing
6
For the case of one charge −1
3
singlet field, mixing with the three SM fields of this
charge, we denote the mass eigenstate by d, s, b, x where the first three are identified with
the known quarks (now carrying hitherto unsuspected singlet components) and x is still
undiscovered. We denote by d′L, s
′
L, b
′
L the three orthonormal linear combinations of left
chiral components that are SU(2)L doublet partners of the known Q =
2
3
fields uL, cL, tL;
the remaining orthonormal combination x′L is an SU(2)L singlet, and we can write

d′L
s′L
b′L
x′L


=


Vud Vus Vub Vux
Vcd Vcs Vcb Vcx
Vtd Vts Vtb Vtx
Vod Vos Vob Vox




dL
sL
bL
xL


. (8)
Here the 4×4 unitary matrix V generalizes the Cabibbo-Kobayashi-Maskawa (CKM) matrix
VCKM. The top three rows of V control the SU(2)L gauge couplings of W and Z bosons;
the first 3 rows and columns of V are precisely VCKM. The submatrix VCKM is generally
non-unitary.
The Z couplings to the SU(2)L left-handed doublet and singlet weak eigenstates q
′
L =
d′L, s
′
L, b
′
L, x
′
L are given by
L = −gZ
∑
q′
q¯′L
(
T3 +
1
3
sin2 θW
)
γµZµq
′
L . (9)
Hence the FCNC couplings between the mass eigenstates qi = d, s, b, x are
LFCNC = 12gZ
∑
i 6=j
zij q¯iLγ
µZµqjL , (10)
zij = V
∗
uiVuj + V
∗
ciVcj + V
∗
tiVtj = δij − V ∗oiVoj , (11)
using the unitarity of V . Thus the FCNC coefficients zij are measures of non-unitarity in
VCKM . The corresponding FDNC couplings are
LFDNC = gZ
∑
i=d,s,b,x
q¯iγ
µZµ
[
1
4
zii(1− γ5)− 1
3
sin2 θW
]
qi . (12)
Thus for the standard d, s, b quarks, mixing with x reduces direct left-handed FDNC by a
factor (zii − 23 sin2 θW )/(1− 23 sin2 θW ) and leaves right-handed FDNC unchanged.
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Hence for mx > MW ,MZ , the tree-level widths for CC and FCNC decays to light quarks
are
Γ(x→ qiW ) = GFm
3
x
8π
√
2
(
1− M
2
W
m2x
)2 (
1 +
2M2W
m2x
)
|Vix|2 , (13)
Γ(x→ qjZ) = GFm
3
x
16π
√
2
(
1− M
2
Z
m2x
)2 (
1 +
2M2Z
m2x
)
|zjx|2 . (14)
If x is heavy enough that all the x→ qiW and x→ qjZ channels are open and all the phase
space factors are ≃ 1, then we can use unitarity to sum over i = u, c, t and j = d, s, b and
obtain the total CC and FCNC decay widths,
Γ(CC) ≃ GFm
3
x
8π
√
2
Σi|Vix|2 ≃ GFm
3
x
8π
√
2
(1− |Vox|2) , (15)
Γ(FCNC) ≃ GFm
3
x
16π
√
2
Σj |V ∗oj |2|Vox|2 ≃
GFm
3
x
16π
√
2
(1− |Vox|2)|Vox|2 . (16)
Hence for small mixing (|Vox| ≃ 1) we obtain
Γ(CC)/Γ(FCNC) ≃ 2, (17)
a result proved earlier for two-quark mixing, modulo phase space factors.
(c) One Q = 2
3
singlet quark mixing
Consider now one Q = 2
3
singlet field mixing with the SM fields of the same charge and
denote the mass eigenstates by u, c, t, x, identifying the first three with the known quarks.
Let u′L, c
′
L, t
′
L be the three orthonormal linear combinations of left chiral components that
form SU(2)L doublets with the known Q = −13 fields dL, sL, bL, respectively, while the
remaining combination x′L is a singlet. We can then write
(
u¯′L c¯
′
L t¯
′
L x¯
′
L
)
=
(
u¯L c¯L t¯L x¯L
)


Vˆud Vˆus Vˆub Vˆuo
Vˆcd Vˆcs Vˆcb Vˆco
Vˆtd Vˆts Vˆtb Vˆto
Vˆxd Vˆxs Vˆxb Vˆxo


. (18)
The first three rows of the unitary matrix Vˆ control the SU(2)L couplings of W and Z; the
first three rows and columns of Vˆ are precisely VCKM (now generally non-unitary). The Z
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couplings to the SU(2)L left-handed doublet and singlet weak eigenstates q
′
L = u
′
L, c
′
L, t
′
L, x
′
L
are given by
L = gZ
∑
q′
q¯′L
(
−T3 + 2
3
sin2 θW
)
γµZµq
′
L (19)
and the FCNC couplings between mass eigenstates qi = u, c, t, x are
LFCNC = −12gZ
∑
i 6=j
zˆij q¯iLγ
µZµqjL , (20)
with
zˆij = VˆidVˆ
∗
jd + VˆisVˆ
∗
js + VˆibVˆ
∗
jb = δij − VˆioVˆ ∗jo , (21)
using the unitarity of Vˆ . Here again the FCNC coefficients zˆij are direct measures of non-
unitarity in VCKM . The corresponding FDNC couplings are
LFDNC = gZ
∑
i=u,c,t,x
q¯iγ
µZµ
[
−1
4
zˆii(1− γ5) + 2
3
sin2 θW
]
qi . (22)
For standard u, c, t quarks, mixing with x again reduces left-handed FDNC and leaves right-
handed FDNC unchanged.
The decay-width formulas are obtained from Eqs.(13)- (14), by substituting Vˆxi and zˆjx
for Vix and zjx.
(d) One Q = −1
3
quark and one Q = 2
3
quark mixing
We here combine the notations of (b) and (c) above, and define
(u¯′L, c¯
′
L, t¯
′
L, x¯
′
uL) = (u¯L, c¯L, t¯L, x¯uL)Vˆ (23)
to be three doublet and one singlet Q = 2
3
fields, while


d′L
s′L
b′L
x′dL


= V


dL
sL
bL
xdL


(24)
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are the corresponding three doublets (paired with u′L, c
′
L, t
′
L) and remaining singlet Q = −13
fields. Neutral-current couplings of xd and xu are as in (b) and (c) above. Charged-current
couplings are defined via the matrix Vˆ∆V , where ∆ is diagonal with elements 1, 1, 1, 0
down the diagonal; Vˆ∆V generalizes the CKM matrix, its first three rows and columns
being simply VCKM. For more general mixing parametrizations, see Refs. [18,20].
III. 4× 4 MIXING MATRIX
(a) Experimental constraints
When extra quarks are mixed in, unitarity constraints no longer apply to the 3 × 3
CKM submatrix. Without these constraints, the CKM matrix elements lie in the following
ranges [28]:
|V | =


0.9728 − 0.9757 0.218 − 0.224 0.002 − 0.005 ..
0.180 − 0.228 0.800 − 0.975 0.032 − 0.048 ..
0.0 − 0.013 0.0 − 0.56 0.0 − 0.9995 ..
.. .. .. ..


(25)
However these numbers were obtained before the evidence for the top quark at Fermilab [29].
The presence of an apparent top quark signal in b-tagged events at, or even above, the
predicted SM rate [29,30], strongly suggests a dominant t→ bW decay with |Vtb| ≃ 1. With
this extra constraint, all the off-diagonal elements of the 4 × 4 quark mixing matrix V (or
Vˆ ) are necessarily small. One can then generalize the Wolfenstein parameterization
Vus ∼ λ , Vub ∼ λ3A(ρ− iη) , Vcb ∼ λ2A , Vtd ∼ λ3A(1− ρ− iη) , (26)
by taking for example (for the Q = −1
3
case V )
Vod ∼ B(α− iβ) , Vos ∼ B(σ − iτ) , Vob ∼ B . (27)
Here the new parameters α, β, σ, τ, B are real and B is small (no hierarchy of these
elements is imposed here). Often it is more convenient to adopt a parameterization in terms
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of the sines si = sin θi of small angles θi, setting cos θi ≃ 1 and neglecting all sisj terms
except s1s2 (see also Ref. [22]):
V ≃


1 s1 s3e
−iδ1 s6
−s1 1 s2 s5e−iδ3
−s3eiδ1 + s1s2 −s2 1 s4e−iδ2
−s6 −s5eiδ3 −s4eiδ2 1


. (28)
In this parameterization, the FCNC coefficients (zij = z
∗
ji) are
zds = −s5s6eiδ3 , zdb = −s4s6eiδ2 , zsb = −s4s5ei(δ2−δ3)
zdx = s6, zsx = s5e
−iδ3 , zbx = s4e
−iδ2 .
(29)
Similarly, if this parameterization is applied to Vˆ in the case of one Q = 2
3
singlet quark, we
have FCNC coefficients (zˆij = zˆ
∗
ji)
zˆuc = −s5s6eiδ3 , zˆut = −s4s6eiδ2 , zˆct = −s4s5ei(δ2−δ3)
zˆux = −s6, zˆcx = −s5e−iδ3 , zˆtx = −s4e−iδ2 .
(30)
(b) Unitarity constraints
Unitarity constraints on the 3× 3 CKM matrix give linear three-term relations that can
be expressed graphically as triangle relations in the complex plane; see Fig. 1. With 4 × 4
mixing, they become four-term relations; e.g. for one Q = −1
3
singlet, we have
V ∗uiVuj + V
∗
ciVcj + V
∗
tiVtj + V
∗
oiVoj = δij , (31)
or again,
V ∗idVjd + V
∗
isVjs + V
∗
ibVjb + V
∗
ixVjx = δij. (32)
For i 6= j these are expressible as quadrangle conditions in the complex plane. The first three
terms in each case, however, are precisely the three sides of a triangle if CKM unitarity holds
(the most discussed example is Eq.(31) with i = b, j = d). Thus 4× 4 unitarity replaces the
CKM triangle relations by quadrangle relations. In Eq.(31) the fourth side of the quadrangle
11
is V ∗oiVoj = −zij , the FCNC coefficient [22]. In Eq.(32) the fourth side is V ∗ixVjx, that occurs
in certain flavor-changing box diagrams (see below).
In the case of one Q = −1
3
singlet quark, the squares of the elements in each row and
column of the 4 × 4 unitary matrix V sum to unity. Hence the experimental lower bounds
on the CKM submatrix elements [28] shown in Eq.(25) give constraints:
|Vux| <∼ 0.08, |Vcx| <∼ 0.57, |Vtx| <∼ 1.0,
|Vod| <∼ 0.15, |Vos| <∼ 0.56, |Vob| <∼ 1.0.
(33)
Also each quadrangle must close, so the exotic fourth side is bounded by the sum of the
upper limits of the three conventional CKM sides, giving
|Vux||Vcx| <∼ 0.44, |Vux||Vtx| <∼ 0.15, |Vcx||Vtx| <∼ 0.60,
|Vod||Vos| <∼ 0.45, |Vod||Vob| <∼ 0.03, |Vos||Vob| <∼ 0.61.
(34)
Finally, when eventually we obtain upper bounds on |Voj| (j = d, s, b) from other data,
unitarity will imply a lower bound on |Vox|2 = 1 − Σj |Voj |2, and hence an upper bound on
Σi|Vix|2 = 1 − |Vox|2 ; this latter bound will apply equally to each |Vix|2 in the summation
(i = u, c, t). See Section VI(e) below.
In the case of one Q = 2
3
singlet quark, bounds on the CKM submatrix elements of the
mixing matrix Vˆ of Eq.(18) give analogous constraints:
|Vˆuo| <∼ 0.08, |Vˆco| <∼ 0.57, |Vˆto| <∼ 1.0,
|Vˆxd| <∼ 0.15, |Vˆxs| <∼ 0.56, |Vˆxb| <∼ 1.0,
|Vˆuo||Vˆco| <∼ 0.44, |Vˆuo||Vˆto| <∼ 0.15, |Vˆco||Vˆto| <∼ 0.60,
|Vˆxd||Vˆxs| <∼ 0.45, |Vˆxd||Vˆxb| <∼ 0.03, |Vˆxs||Vˆxb| <∼ 0.61.
(35)
IV. DIRECT SINGLET-QUARK PRODUCTION CONSTRAINTS
(a) Z decays
At e+e− colliders, x¯x pairs can be produced directly via their γ and Z couplings, and
xq¯ or x¯q pairs via FCNC. The most stringent bounds at present come from the observed Z
decay widths, from which it appears that contributions beyond the SM are limited by [31]
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ΓZ(non-SM) <∼ 15 MeV . (36)
For the case Qx = −13 , the partial widths for decay to one light plus one new quark are
Γ(Z → d¯x) = Γ(Z → dx¯) = 3Γ0ZK |zdx|2 Fx = (0.66 GeV) |zdx|2 Fx, (37)
and for the case Qx =
2
3
we have
Γ(Z → u¯x) = Γ(Z → ux¯) = 3Γ0ZK |zˆux|2 Fx = (0.66 GeV) |zˆux|2 Fx, (38)
where Γ0Z = GFM
3
Z
/(
12π
√
2
)
= 0.17 GeV , Fx = (1−m2x/M2Z)2 (1 +m2x/2M2Z) and K =
1 + (8π/9)αs(MZ) = 1.33 is a QCD factor. For each xq¯ + x¯q contribution to remain within
the bound on ΓZ(non-SM) sets mx-dependent constraints on the FCNC coefficients,
√
Fx |zix| <∼ 0.11 i = d, s, b , (Qx = −13) (39)√
Fx |zˆjx| <∼ 0.11 j = u, c , (Qx = 23) . (40)
The partial widths for decays to x¯x pairs are
Γ(Z → x¯x) = 24 Γ0Z K
[
1− 4m2x/M2Z
]1/2 [
g2V (1 + 2m
2
x/M
2
Z) + g
2
A(1− 4m2x/M2Z)
]
(41)
where
gV = −14zxx + 13 sin2 θW , gA = −14zxx (Qx = −13),
gV =
1
4
zˆxx − 23 sin2 θW , gA = 14 zˆxx (Qx = 23) .
In the limit of small singlet-doublet mixing, we have zxx ≃ 0 or zˆxx ≃ 0 and hence gV ≃
−Qx sin2 θW , gA ≃ 0. In this limit the upper bound Γ(Z → x¯x) < ΓZ(non-SM) gives
mx >∼ 42 GeV
(
Qx = −13
)
, (42)
mx >∼ 45 GeV
(
Qx =
2
3
)
. (43)
Figure 2 shows the corresponding x¯x contribution to ΓZ(non-SM) versus mx for Qx = −13
and 2
3
. Direct searches at LEP for typical heavy quark signals (t → bW ∗+, b′ → cW ∗−),
based simply on event shapes, set early limits mt > 44.5 GeV and mb′ > 45.2 GeV [32],
corresponding to upper limits Γ(Z → b¯′b′, t¯t) < 20 − 30 MeV. Applying these limits to
13
singlet quarks gives a weaker result than Eq.(42) and about the same as Eq.(43); some
improvements could presumably be achieved with present much higher luminosities.
(b) Hadroproduction
At hadron colliders, x¯x pairs can be produced via QCD interactions exactly like SM
quark pairs. Their x → q′W CC decays into lighter quarks give signals rather similar to
the t→ bW signals that have been looked for in top-quark searches [29,30,33], although the
details may differ; they also have new decays into qZ and/or qH . We briefly discuss some
examples.
(i) For a heavy Q = 2
3
singlet xt that mixes mostly with t and has MW < mxt < MW +mt,
the dominant decay mode is xt → bW while xt → tZ, tH are kinematically forbidden. Hence
the x¯txt signals look exactly like t¯t signals, including the presence of taggable b-jets in the
final state. Lower bounds on mt such as the D0 result [30] mt > 131 GeV apply also to mxt .
Recently published evidence for tt¯ production [29] could in principle be interpreted as x¯txt
production, but electroweak radiative corrections [34] already indicate a top mass near the
observed value, making tt¯ production the most likely interpretation. However, if there is an
excess of top-type events above the SM rate [29], this could be due to x¯txt production in
addition to t¯t production [16].
(ii) A Q = −1
3
singlet xb that mixes mostly with b and has MZ < mxb < mt +MW would
decay dominantly via xb → bZ, bH with the tW mode suppressed, escaping the usual top
searches but offering new Z and H signals. If the latter are suppressed (e.g., if mH > mxb),
early CDF limits on the remaining Z signals imply a bound mxb > 85 GeV [13]. This
scenario gains fresh interest [16] from hints of possible excess tagged Z plus four jet events
at the Tevatron [29].
To be quantitative about signal expectations with b-tagging, let us consider xb and t to
be degenerate (mxb ≃ mt) for simplicity, so that they are produced equally. If xb is lighter
than this, the singlet signal rates will be correspondingly higher. For the singlet decay we
consider two extreme scenarios: (A) mH > mxb > MZ , so that Γ(xb → bZ) ≫ Γ(xb → bH)
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and (B)mH ≃MZ with small b-xb mixing, so that Γ(xb → bZ) ≃ Γ(xb → bH). For b-tagging
efficiency, we assume ǫb = 0.2 to be the probability for tagging a single b-quark; then the
probability for tagging a bb¯ event is 1 − (1 − ǫb)2 = 0.36 and the probability for tagging a
bb¯bb¯ event is 1 − (1 − ǫb)4 = 0.59. Our discussion is simplified in that we neglect fake tags,
assume b-tags are uncorrelated, and assume 100% acceptance. Then the probabilites for
different final state configurations including b-tagging are
channel probability with tag
b¯bWW → b¯b(ℓν)(jj) 0.29× 0.36 = 0.104
b¯bZZ → b¯b(ℓℓ)(jj, bb) 0.094× 0.41 = 0.039
b¯bZH → b¯b(ℓℓ)(bb) 0.067× 0.59 = 0.040
summing over ℓ = e, µ channels. The first numerical factor on the right is the branching
fraction and the second factor is the b-tagging probability. Thus the leptonic W/Z event
ratios in our two mxb ≃ mt scenarios (A) and (B) are
N(tt→Wℓν + 4j with tag)/N(xx→ Zℓℓ + 4j with tag) ≃ 2.7(A) or 3.5(B). (44)
In contrast, the QCD electroweak background ratio is [35]
N(QCD →Wℓν + 4j with tag)/N(QCD → Zℓℓ + 4j with tag) ≃ 10− 14. (45)
(iii) A Q = −1
3
singlet quark xd mixing mostly with d would decay by x → uW, dZ, dH in
the ratios 2 : 1 : 1 modulo phase space factors. Thus for mx ≫ MW ,MZ ,MH the top-like
signals would be reduced roughly by a factor 2 for single-lepton channels and by a factor 4
for dilepton signals, compared to a top quark of the same mass; however, for smaller mx the
reduction is generally less, and in the window MW < mx < MZ ,MH there is no reduction.
But there is now no b-quark to tag. Examination of earlier top-quark searches without a b-
tag [30,33], scaling down the top-quark expectations by some factor between 1 and 4, shows
that the range MW < mx < MZ ,MH is definitely excluded, and probably some adjacent
ranges of mx too, but more cannot be said without detailed analysis. Similar conclusions
apply to xs singlets mixing mostly with s and to charge
2
3
singlets xu or xc mixing mostly
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with u or c; there are small differences between these cases, such as the lepton spectrum [10]
and the taggability of c-quarks, but they do not change the overall conclusion.
(iv) Decays outside the detector. The distinctive x-quark signals will be lost if x decays
outside the detector. If we assume typical Lorentz factors βγ ∼ 2 and require that the mean
decay distance ℓD = βγc/Γ due to any single x→ qiW, qjZ decay mode exceeds one metre,
Eqs.(13)-(14) give
|Vix| <∼ 1.2× 10−8
[
200 GeV
mx
] 3
2
, |Voj| <∼ 0.9× 10−8
[
200 GeV
mx
] 3
2
, (46)
for Q = −1
3
, and similarly
|Vˆxi| <∼ 1.2× 10−8
[
200 GeV
mx
] 3
2
, |Vˆoj| <∼ 0.9× 10−8
[
200 GeV
mx
] 3
2
, (47)
for Q = 2
3
. If these conditions hold for all light quark flavors i, j , then singlet decay signals
at hadron colliders will be greatly suppressed. [The conditions are somewhat weaker for
mx <∼MW ,MZ ].
(c) Leptoproduction
At ep colliders, singlet quarks can be produced by the same γg fusion processes as SM
quarks; Zg fusion is also possible (at reduced rates due to reduced Zx¯x couplings) but Wg
fusion is only possible via mixing. However, the reach of the HERA collider for new quark
detection is much less that that of the Tevatron [36] so this is not a promising avenue for
singlet discovery.
(d) Summary
The LEP mass bounds Eqs.(42)-(43) are virtually unconditional. Hadroproduction
bounds are much stronger in particular cases [e.g. mx > 85 GeV (131 GeV) if the decays
x→ qZ (x→ qW ) dominate completely], but assume implicitly that the mixing with lighter
quarks is not so extremely weak that x decays outside the detector [typified by off-diagonal
4th row and column mixing-matrix elements all being <∼ 10−8[(200 GeV )/mx)
3
2 ].
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V. NEUTRAL MESON-ANTIMESON OSCILLATIONS
The existence of new singlet quarks can affect neutral meson-antimeson oscillations in two
different ways, through FCNC tree-level Z exchange and through box diagrams, illustrated in
Fig. 3 for the B0d-B¯
0
d case. In the tree diagram of Fig. 3(a), the effects are due to an additional
Q = −1
3
singlet that generates the FCNC couplings of Eqs. (10)–(11); more generally, such
FCNC effects of Q = −1
3
singlets occur also for K0-K¯0 and B0s -B¯
0
s oscillations, whereas
analogous effects from Q = 2
3
singlets give D0-D¯0 oscillations.
In the box diagram of Fig. 3(b), the effects come from an additional Q = 2
3
heavy quark
option in the loop, along with corresponding reductions in the original three generation
couplings. Similar effects are present in K0-K¯0 and B0s -B¯
0
s oscillations, while analogous
effects from Q = −1
3
singlets occcur in the D0-D¯0 case. The association of singlets with
their mixing effects is summarized in Table I.
(a) Z-exchange contributions
We first analyze the Z-exchange FCNC effects, which are potentially the most interesting.
For B0d-B¯
0
d oscillations, the contribution is
|δm| =
√
2GFmBf
2
BBBηB
3
|z2db| , (48)
where fB is the Bd decay constant, BB is the bag factor (B = 1 is the vacuum satu-
ration approximation) and ηB ≈ 0.55 is a QCD factor. (We assume the QCD correc-
tion is the same for both the Z-exhange contributions and for the box diagram contri-
butions described below.) The analogous expressions for K0-K¯0, D0-D¯0, B0s -B¯
0
s oscilla-
tions involve Re(z2ds), zˆ
2
uc, z
2
sb, respectively. Actually this FCNC process contributes co-
herently with the SM box diagrams. We shall here assume very conservatively that the
singlet-quark Z-exchange contributions do not exceed the measured values. Then from
the measurements [37] |δm|K = (3.51 ± 0.02) × 10−12MeV, |δm|D < 1.3 × 10−10MeV,
|δm|Bd = (3.4± 0.4)× 10−10MeV we obtain
|Re(z2ds)| = |(Re zds)2 − (Im zds)2| <∼ 9× 10−8 , (49)
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|zˆuc| = |Vˆuo| |Vˆco| <∼ 9× 10−4 , (50)
|zdb| = |Vod| |Vob| <∼ 8× 10−4 , (51)
where the <∼ symbol reflects some uncertainties in the factors f, B, η. Similar bounds on
zds and zdb are given in Ref. [18,22,25]) and on zˆuc in Ref. [26]. For |δm|Bs there is only an
experimental upper limit [37] and hence no bound on |zsb| = |Vos| |Vob|. We take the D and
B decay constants from Narison [38]: fD = 1.37fπ, fB = 1.49fπ, with fπ = 0.131 GeV and
fK = 0.160 GeV, and set B = 1 and η = 0.55 in all cases. Taking the lower bound B =
1
3
instead would raise the limits above by a factor
√
3.
(b) New box diagram contributions
In the case of box diagram contributions, the constraints on the mixing are rather differ-
ent. First consider the case of B0d-B¯
0
d box diagrams with an additional Qx =
2
3
contribution,
with mx ≃ mt approximate degeneracy. Then the SM formula is
|δm|SM = G
2
FBf
2
BmBηB
6π2
|VtdV ∗tb|2CKM |IB| , (52)
where IB is a box-integral factor (see e.g. Ref. [39]), and the effect of adding an extra singlet
is to replace the CKM factor by
∣∣∣VˆxdVˆ ∗xb + VˆtdVˆ ∗tb∣∣∣2 = |VudV ∗ub + VcdV ∗cb|2CKM (53)
using unitarity. However, |VtdV ∗tb|CKM = |VudV ∗ub + VcdV ∗cb|CKM, so the prediction for |δm| is
effectively unchanged in this x, t mass-degenerate limit. Only if x is much heavier than t
can significant changes arise. Similar conclusions apply to K0-K¯0 oscillations.
The Q = −1
3
box diagram contributions to D0-D¯0 mixing are potentially more interest-
ing, because d, s and b are relatively light compared to the allowed mass scale for x. Here
the x contributions may be dominant (depending on the size of the mixing) and given by
|δm|D = G
2
FBf
2
DmDηD
6π2
|VcxV ∗ux|2 |ID| , (54)
where |ID| ≃ m2x for mx ∼ 200 GeV, giving
18
|Vcx| |Vux| <∼ 0.7× 10−2
(
200 GeV
mx
)
. (55)
A similar bound is noted in Ref. [40] for mixing a fourth-generation b′ quark, that is essen-
tially equivalent to singlet mixing in this context. It is expected that a future sample of
108 reconstructed D’s would have a factor 20 improvement in sensitivity to δmD, and would
consequently give a factor ∼ 4 − 5 more sensitivity to the above mixing. Note that SM
short- and long-distance contributions are far below this sensitivity [41,42].
The parameter ǫK , that describes CP-violation in K
0 − K¯0 oscillations, also receives
tree-level Z-exchange contributions from Q = −1
3
singlet mixing:
|ǫK | = GFmKBKf
2
K
12|δmK | |Im(zds)
2|. (56)
Requiring |ǫK | ≤ |ǫK |exp = 2.27× 10−3 gives the bound [22,25]
|Im(zds)2| <∼ 6× 10−10, |Re(zds) Im(zds)| <∼ 3× 10−10. (57)
Combined with Eq.(49), this gives
|zds| = |Vod| |Vos| <∼ 3× 10−4. (58)
VI. FCNC DECAYS AND FDNC EFFECTS
(a) KL → µ+µ− decay
Experimental measurements on FCNC decays imply constraints on the FCNC Z cou-
plings and hence on singlet-quark mixing parameters [3,4,18,22,23]. For example, KL →
µ+µ− has a Z-mediated diagram if a Q = −1
3
singlet x mixes with d and s, contributing the
decay width
Γ(KL → µ+µ−)Z =
2G2Ff
2
KmKm
2
µ
8π
[1− 4m2µ/m2K ]1/2[(
1
2
− sin2 θW )2 + (sin2 θW )2] |zds|2. (59)
After subtracting the contribution for the γγ intermediate state (an imaginary decay am-
plitude), the latest Brookhaven results [43] indicate an upper limit Breal < 5.6×10−10 (90%
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CL) on the contribution to the branching fraction from the real part of the decay amplitude.
Using this to bound the contribution from Re(zds) we obtain
|Re(zds)| <∼ 0.64× 10−5. (60)
The combined bound on |zds| remains unchanged.
(b) B0, D0 → µ+µ− decays
Analogous formulas describe the tree-level contributions to D0 → µ+µ− and B0 → µ+µ−
decays (without the factor 2 because D0 and B0 are not pure CP = −1 states). Requiring
that the Z-exchange contributions are within the experimental limits B(D0 → µ+µ−) <
1.1× 10−5 and B(B0 → µ+µ−) < 5.9× 10−6 [37] , gives the constraints
|zˆuc| = |Vˆuo| |Vˆco| <∼ 0.20 , (61)
|zdb| = |Vod| |Vob| <∼ 0.04 , (62)
much weaker than the oscillation bounds Eqs.(50)-(51).
(c) B,D → Xℓ+ℓ− decays
The rare decays B → Xℓ+ℓ− occur at tree level, via FCNC couplings zdb and zsb which
give
Γ(B → ℓ+ℓ−X)
Γ(B → ℓ+νX) = [(
1
2
− sin2 θW )2 + sin4 θW ]× |zdb|
2 + |zsb|2
|Vub|2 + ρ|Vcb|2 , (63)
where ρ ≃ 0.5 is a phase space factor; ρ = 1− 8r2+8r6− r8− 24r4 ln(r) with r = mc/mb =
0.316 ± 0.013. Hence the experimental limit B(B → Xµ+µ−) ≤ 5.0 × 10−5 gives the
constraints [22,23]
|zdb| = |Vob| |Vod| <∼ 0.04× |Vcb| <∼ 2× 10−3 , (64)
|zsb| = |Vob| |Vos| <∼ 0.04× |Vcb| <∼ 2× 10−3 . (65)
The first bound is competitive with that from Bd− B¯d oscillations in Eq.(51). Upper limits
have recently been given for some D → µ+µ−+hadrons branching fractions [44], suggesting
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an inclusive upper limit of order (1− 2)× 10−3 (although no explicit value is quoted); such
a limit would however only give |zˆuc| <∼ 0.2 − 0.3, possibly competitive with Eq. (61) but
much weaker than Eq. (50).
(d) B → s(d)γ decays
The rare decays B → s(d)γ have also been considered [24,45]. In the SM they go via
W -loop diagrams; adding a down-type singlet quark introduces new Z-loop diagrams, using
the FCNC couplings zij (H-loops are usually negligible). These can be incorporated into
the conventional analyses by adding their contributions into the coefficients of the effective
operators of the magnetic and chromomagnetic moment couplings f (1)γ and f
(1)
g as described
in Appendix A. The ratio of Γ(b→ qγ) (where q = d, s) to the inclusive semileptonic decay
width is then given by
Γ(b→ qγ)
Γ(b→ ceν) =
6α
πρλ
|V ∗tqVtb|2
|Vcb|2 |c7(mb)|
2 , (66)
where α is the electromagnetic coupling and
c7(mb) =
[
αs(MW )
αs(mb)
]16/23 {
c7(MW )− 8
3
c8(MW )

1−
(
αs(mb)
αs(MW )
)2/23
}
+
8∑
i=1
hi
(
αs(MW )
αs(mb)
)ai
. (67)
The Wilson coefficients c7 and c8, the coefficients hi, and the exponents ai from the 8 ×
8 anomalous dimension matrix [46] are given in Appendix A. The phase-space factor ρ
is defined below Eq.(63) and the QCD correction factor λ for the semileptonic process
is λ = 1 − 2
3
f(r, 0, 0)αs(mb)/π with f(r, 0, 0) = 2.41 [47]. We remark that the FCNC
diagrams include not only Z-loops but also tree-level Z-exchanges between the b-quark and
the spectator antiquark in a decaying B-meson, not commented upon in previous literature.
However, these Z-exchanges are suppressed relative to Z-loops by factors fB/mB ∼ 1/25 in
decay amplitudes [48], so we do not pursue them here.
In the SM one expects the ratio B(b → dγ)/B(b → sγ) ≈ |Vtd/Vts|2, since the QCD
corrections largely cancel out. The additional FCNC terms are proportional to zqb/(VtbV
∗
tq)
in each case (q = d, s), and it has been shown that [24]
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∣∣∣∣∣ zdbVtbV ∗td
∣∣∣∣∣ ≤ 0.93 ,
∣∣∣∣∣ zsbVtbV ∗ts
∣∣∣∣∣ ≤ 0.04 . (68)
These limits permit singlet quarks to have greater impact on the b → dγ rate (e.g. if
zdb ∼ zsb). On the other hand, one expects from the general decoupling theorem [49] that
zdb is much smaller than zsb.
An up-type singlet quark can also be considered. Its contribution is the same as from a
standard fourth generation, giving
Γ(b→ qγ)
Γ(b→ ceν) =
6α
πρλ

 |Vˆ ∗tqVˆtbct7(mb) + Vˆ ∗xqVˆxbcx7(mb)|2
|Vcb|2

 , (69)
where the matching conditions for the relevant Wilson coefficients are again given in Ap-
pendix A. The major contributions to B(b → qγ) are now the t- and x-quark loop terms
in Eq.(69). Notice that Γ(b → qγ) is the same as in the SM when mx = mt, for the same
reason as in B0d-B¯
0
d and K
0-K¯0 oscillations above. But if mx deviates significantly from
mt, an enhancement or suppression relative to the SM can be expected (as with a fourth
generation [50]).
Figure 4 shows the b → sγ rate versus mx with various values of |Vˆ ∗xsVˆxb|, for the SM
plus one up-type singlet quark. We have assumed here that the phase of Vˆ ∗xsVˆxb is the same
as that of Vˆ ∗tsVˆtb within a sign, so that deviations from the SM are maximized. We note
incidentally that the unitarity constraint on |Vˆxd||Vˆxb| helps to guarantee that B(b → dγ)
with a u-type singlet remains close to the SM.
(e) Z decays
We turn now to FDNC effects. At tree level, introducing mixing with a singlet quark x
simply reduces the left-handed coupling of a conventional quark i by a factor 1−|Voi|2/(1−
2
3
sin2 θW ) (for charge Qx = Qi = −13), or by a factor 1 − |Vˆio|2/(1 − 43 sin2 θW ) (for charge
Qx = Qi =
2
3
), leaving right-handed couplings unchanged; see Eqs. (12),(20). We shall
neglect singlet-mixing effects at one-loop level, where they are small corrections to small
corrections.
The Z partial decay widths, branching fractions and asymmetry measurements directly
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probe the FDNC Zqq couplings. Z → bb¯ decay is an interesting case to consider, since there
is at present some discrepancy between the LEP data [31] and the SM prediction for the
ratio Rb = Γ(Z → bb¯)/Γ(Z → hadrons):
Rb(LEP) = 0.2202± 0.0020 , Rb(SM) = 0.2156± 0.0004 . (70)
Since b− x mixing reduces the Z → bb coupling, it would make the discrepancy worse. The
decay width has the form
Γ(Z → b¯b) =
√
2GFM
3
Z
π
β
(
β2(gbA)
2 +
3− β2
2
(gbV )
2
)
, (71)
where β is the CM velocity and gbA and g
b
V are the axial and vector Zbb couplings, so down-
type singlet mixing dilutes the tree-level contribution by a factor ≈ (1 − 2.4|Vob|2). It is
inadvisable to derive a limit on Vob from this result alone, however, since the SM itself is on
the verge of being excluded. Many models with down-type singlets also give corrections to
Z → bb¯ from mixing Z with a new Z ′; these too are typically negative [21].
A global comparison of all FDNC effects with the latest LEP and SLC data leads to the
following constraints (see final paper of Ref. [21]):
|Vod|2 < 0.0023 , |Vos|2 < 0.0036 , |Vob|2 < 0.0020 ,
|Vˆuo|2 < 0.0024 , |Vˆco|2 < 0.0042 ,
assuming at most one singlet quark mixes with each conventional quark. From these num-
bers, unitarity of V then gives
|Vox| > 0.996, |Vqx| < 0.089, (q = u, c, t). (72)
(f) Other FDNC effects
Singlet mixing could also change FDNC effects in neutrino scattering and atomic parity-
violation measurements [20], but there appear to be no useful constraints from this quarter.
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VII. CP ASYMMETRIES
The amount of CP violation in the SM is measured by the size of the unitarity triangle
in Fig. 1. How this CP violation shows up in decays is determined by the angles of the
unitarity triangle(s), which appear as CP asymmetries in decays to CP eigenstates. The
angles
β ≡ arg
(
−VcdV
∗
cb
VtdV
∗
tb
)
, α ≡ arg
(
− VtdV
∗
tb
VudV
∗
ub
)
, (73)
that characterize CP violation, are directly measurable in Bd decays with b→ c and b→ u
respectively. The prototype processes for measuring β and α are Bd → ψKS and Bd →
π+π− respectively. [The angle γ ≡ arg(−VudV ∗ub/VcdV ∗cb) can be measured in the decay
Bs → ρKS , which will prove much harder at a B factory because of the small branching
fraction and the possible contamination from penguin contributions.] Present information
on the third generation couplings does not tell us much about the asymmetries. Future
improved measurements of the CKM mixing angles will pin down the SM prediction more
precisely. We find the biggest uncertainty in the SM asymmetries stems from the uncertainty
in Vub, a quantity ripe for better measurement at a B-factory.
We assume as usual that the asymmetries are dominated by the interference between
two amplitudes, one of which is given by B0d-B¯
0
d oscillations with Γ12 << M12. The time-
dependent CP asymmetry in the decay of a B0d or B
0
d into some final CP eigenstate f is
Γ(B0d(t)→ f)− Γ(B0d(t)→ f)
Γ(B0d(t)→ f) + Γ(B0d(t)→ f)
= −Im λ(Bd → f) sin(δm t) , (74)
where δm is the (positive) difference in meson masses, the mesons states evolve from flavor
eigenstates B0d and B
0
d at a time t = 0, and Im λ(Bd → f) is the time-independent asym-
metry. The quantity Im λ(Bd → f) is − sin 2β and sin 2α for f = ψKS and f = π+π−
respectively in the SM (we neglect possible penguin diagrams in the decay B0d → π+π−.
We consider the allowed range for the Wolfenstein parameterization involving ρ and η
recently given in Ref. [51]. The angles α and β are easily related to ρ and η through the
unitarity triangle in Fig. 1
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sin 2α =
2η (η2 + ρ(ρ− 1))
(η2 + (1− ρ)2) (η2 + ρ2) , (75)
sin 2β =
2η(1− ρ)
η2 + (1− ρ)2 . (76)
In the presence of d-type singlet quarks the unitarity triangle becomes a quadrangle
as described in Section III, and the CP asymmetries in B decays are altered from SM
expectations. The deviations occur in two ways.
(1) The angles β and α no longer have SM values, because the revised unitarity constraint
yields different allowed ranges and more general phases for the CKM elements.
(2) There is an additional Bd−B¯d oscillation contribution from tree-level Z-mediated graphs.
The asymmetry expressions are modified to
Im λ(Bd → ψKS) = − sin (2β + arg∆bd) , (77)
Im λ(Bd → π+π−) = sin (2α+ arg∆bd) , (78)
where [24]
∆bd = 1 + rde
2iθbd , (79)
rd =
4πM2W sin
2 θW
αIB(xt)
∣∣∣∣∣ zbdVtdV ∗tb
∣∣∣∣∣
2
≃ 140
∣∣∣∣∣ zbdVtdV ∗tb
∣∣∣∣∣
2
, (80)
θbd = arg
[
zbd
VtdV
∗
tb
]
, (81)
and IB(xt = m
2
t/M
2
W ) is the box integral(see e.g. Ref. [39])
IB(xt) =
1
4
M2W
[
xt
(
1 +
9
1− xt −
6
(1− xt)2
)
− 6x
3
t
(1− xt)3 ln xt
]
. (82)
The contribution of zdb to the unitarity quadrangle can be described by a magnitude
and a phase θbd (relative to VtdV
∗
tb). This phase can take any value between 0 and 2π, but
the magnitude must be consistent with closure of the quadrangle. In Fig. 5 we show the
asymmetry for the decay Bd → ψKS for different values of the parameters [24]
δd ≡
∣∣∣∣∣ zbdVtdV ∗tb
∣∣∣∣∣ , θbd , (83)
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with the CKM angles, the top mass and the B lifetime fixed at their central values: |Vud| =
0.9743, |Vcd| = 0.204, |Vub| = 0.0035, |Vcb| = 0.40, mt = 174 GeV and τB = 1.50 ps. We
take
√
Bf 2B = 195 MeV as we did previously, and use the next-to-leading order value for the
QCD correction ηB = 0.55 [52]. By taking the coherent sum of the contributions to B
0
d-B¯
0
d
mixing from Eqs. (48) and (52), and the the mixing parameter xd = δm/Γ = 0.71, one can
determine |VtdV ∗tb|. The shaded band in Fig. 5 indicates the allowed range in the SM for the
asymmetry Im λ(Bd → ψKS).
The quantity δd can be quite large, as indicated by Eq. (68), but Fig. 5 shows big effects
even with much smaller δd. One notices that the CP asymmetry Im λ(Bd → ψKS) is
negative in the SM, but with sufficiently large δd one can obtain positive values [22,24]. The
effect of singlet quarks on CP asymmetries can therefore be dramatic [22,24].
The CP asymmetry Im λ(Bd → π+π−) is shown in Fig. 6 for various values of δd and θbd.
Here the SM expectation covers the entire range, so merely measuring the sign of the CP
asymmetry could not upset the SM. But given well-determined CKM elements, deviations
from SM predictions could be significant and could provide evidence for singlet quarks.
VIII. GUT SOURCES OF SINGLET QUARKS
(a) Generalities
GUT models provide arguments for the existence of particles with exotic quantum num-
bers, but also impose restrictions upon them. In this Section, we explore the constraints on
singlet-quark models implied by coupling-constant unification and perturbativity. Most of
the examples we consider are supersymmetric models, and one must bear in mind that these
models have extra contributions to the processes described above, so that the constraints
obtained can be affected.
Singlet quarks considered alone do not introduce gauge (or gravitational) anomalies, but
they spoil the successful gauge coupling unification of the minimal supersymmetric model
(MSSM) if the singlets are below the GUT scale, since they change the running of the
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SU(3) and U(1) couplings but not the SU(2) coupling. For down-type singlets, this can be
remedied by adding more fermions to fill out the 5 and 5∗ representations of SU(5) or the
10 of SO(10); see the examples below.
For up-type singlets, however, it is harder to find a consistent scenario, if one believes
that gauge coupling unification is due to a GUT symmetry and therefore wants to retain the
desert between the GUT scale and the scale of the exotic fermions. The model of Barbieri
and Hall [5] postulates that singlet quarks arise as supersymmetric partners (gauginos) of
gauge bosons from a unification group that assigns a fourth color to leptons, so here the
singlet with the right quantum numbers to mix with the top quark is not a matter fermion at
all. We can introduce top-like singlets as matter fermions by assigning them to the adjoint
representation of the GUT group. The smallest suitable representation of matter fermions
is then the 45 of SO(10), or the 78 of E6. But these representations are too large; they
destroy the asymptotic freedom of the strong coupling, and contain extra doublet quarks
besides. Alternatively, in the context of SU(5), we can introduce one up-type singlet quark
by adding one extra light 10 and one 10∗ representation; these bring one extra vector-singlet
lepton plus a vector-doublet of quarks too, and restore gauge unification with b3 = 0 at one-
loop level. Two-loop effects become large, however, and large threshold corrections must
be invoked to restore gauge coupling unification. Apart from this 10+ 10∗ scenario, there
appears to be no simple way to arrive at a low-energy model with up-type singlet quarks
from a desert GUT model.
(b) One-loop evolution equations
The evolution equations for the gauge couplings at one loop can be written
dgi
dt
=
big
3
i
16π2
,
d
dt
[α−1i ] = −
bi
2π
, (84)
with t = ln(µ/MZ) the logarithmic scale and αi = g
2
i /(4π). The SM particle content alone
gives b1 = 4
1
10
, b2 = −316 , b3 = −7. It is well known that this does not lead to gauge coupling
unification; given α−12 , α
−1
1 evolves too fast compared to α
−1
3 . Simply adding singlet quarks
makes things worse, however; α−12 is unchanged, α
−1
1 evolves faster and α
−1
3 evolves more
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slowly. Some different particle content is needed.
The MSSM, with additional supersymmetric particle content and two Higgs doublets,
does give successful gauge coupling unification with the beta functions
b1 = 2nG +
3
5
nH , (85)
b2 = 2nG + nH − 6 , (86)
b3 = 2nG − 9 , (87)
where nG = 3 is the number of light generations of matter and nH = 1 is the number of pairs
of light Higgs doublets. In the presence of nxu up-type and nxd down-type singlet quarks,
the beta functions are modified to
b1 = 2nG +
3
5
nH +
2
5
nxd +
8
5
nxu , (88)
b2 = 2nG + nH − 6 , (89)
b3 = 2nG − 9 + nxd + nxu . (90)
These singlet quark contributions upset the MSSM unification as shown in Fig. 7. However,
unification can be restored by adding exotic fermions to fill out one or more representations
of SU(5). For example, in an E6 model the basic 27 representation has the decompositions
16+ 10+ 1 in the SO(10) subgroup, which in turn are (10+ 5∗ + 1) + (5+ 5∗′) + 1 in
SU(5). If the full 27 of fermions is light, the down-type quarks are supplemented by colorless
doublets and singlets, giving
b1 = 3nG +
3
5
nH , (91)
b2 = 3nG + nH − 6 , (92)
b3 = 3nG − 9 . (93)
where nG is now the number of light generations of E6 matter, assuming that the light Higgses
are external to the 27 representations. Thus all bi are shifted by the same amount nG from
the MSSM case; all values of α−1i (t) are shifted down by the same amount −bitnG/(2π) and
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unification is preserved. Note incidentally that with the usual three generations we now
have b3 = 0 and the strong coupling ceases to run.
However, one usually assumes instead that the pair of Higgs doublets comes from the
27, in which case the beta functions are
b1 = 3nG , (94)
b2 = 3nG − 6 , (95)
b3 = 3nG − 9 , (96)
and the gauge coupling unification is again problematic. One solution would be to get back
to the previous successful beta functions by adding two new particles with the quantum
numbers of two Higgs doublets. Alternatively, we might have hoped that the two-loop
contributions could rescue gauge coupling unification, since the gauge couplings are all larger
than in the MSSM, making two-loop contributions more important. Unfortunately the sign
of the two-loop term pushes the SU(3) coupling further away from the electroweak couplings.
Nevertheless, this example shows that two-loop contributions could be important.
(c) Two-loop evolution equations
At two-loop level, the evolution equations become
dgi
dt
=
gi
16π2

big2i + 116π2
3∑
j=1
bijg
2
i g
2
j

 , (97)
where the one-loop beta functions are
b1 =
3
2
n10 +
1
2
(n5∗ + n5∗′ + n5) +
3
5
nH , (98)
b2 =
3
2
n10 +
1
2
(n5∗ + n5∗′ + n5) + nH − 6 , (99)
b3 =
3
2
n10 +
1
2
(n5∗ + n5∗′ + n5)− 9 , (100)
for an arbitrary number of copies (n10, n5∗ , n5∗′ , n5) in the 10, 5
∗, 5∗′, and 5 representa-
tions of SU(5), and nH light pairs of Higgs doublets (from a split representation) . The
two-loop coefficients bij are listed in Appendix B. The model-dependent contributions from
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the Yukawa couplings at two-loop order have been neglected. In the absence of split repre-
sentations the entries are related by simple SU(3) and SU(2) group factors. The second 5∗′
representation contains the multiplet (H, xcd) which may come from either the 10 or the 16
representation of SO(10).
For rank 5 E6 models there is an extra U(1) that enters into the gauge coupling evolution
equations at the two-loop level. There is a one-parameter family of extra U(1)’s orthogonal
to U(1)Y . Three popular models [53] are characterized as follows:
(1) the SO(10) singlet fermion is inert, with respect to the extra U(1).
(2) the SU(5) singlet fermion in the 16 of SO(10) is inert, and
(3) the 5∗ and 5∗′ have exactly the same quantum numbers.
We label the U(1) quantum number of these models by Y ′, Y ′′, and Y ′′′ respectively, and list
the quantum numbers for the full 27 of E6 in Table II. Notice that for the first model the
16 of SO(10) decomposes as 10+ 5∗′ + 1. The first two models could actually arise from
an SO(10) theory, since Tr Y vanishes across each SO(10) multiplet, while the third model
is distinctively E6 (as are all the rest of the rank 5 models). In the last model it is natural
for the entire 27 to be light. [We note that the extra abelian groups are often referred to
by the notation U(1)η, U(1)χ and U(1)ψ [4]; the models (2) and (3) considered here then
correspond to the extra group being U(1)χ and U(1)η respectively, while the model (1) is a
linear combination of U(1)χ and U(1)ψ.] For these three models one obtains, in addition to
the RGE coefficients bi and bij already listed, the one-loop coefficients
b′p =
1
4
n10 +
1
2
(n5∗ + n5) +
9
8
n5∗′ +
5
8
nN +
13
20
nH , (101)
b′′p =
1
4
n10 +
9
8
n5∗ +
1
2
(n5∗′ + n5) +
5
8
nνc
L
+
2
5
nH , (102)
b′′′p =
2
3
n10 +
1
12
(n5∗ + n5∗′) +
4
3
n5 +
5
12
(nN + nνc
L
) +
17
30
nH , (103)
and the two-loop contributions are listed in the Appendix B. We use the subscript p (for
“prime”) to distinguish the U(1)′, U(1)′′ and U(1)′′′ gauge couplings and their RGE coeffi-
cients. Here nN and nνc
L
are the number of light singlets with the quantum numbers given
in Table II. In a general model with more than one U(1) factor, one must account for the
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mixing between the U(1)’s in the renormalization group equations [54]. This complication
does not arise if one considers only unification trajectories. In any event the practical effect
of the extra U(1) on the evolution is small. The above equations have been derived for an
arbitrary number of different representations of SU(5), but split representations in the 10
of SO(10) have been allowed for (10 → 5 + 5∗ → H + H), since they may be needed to
achieve gauge coupling unification. The beta functions for U(1)′ and U(1)′′ are related by
n5∗ ↔ n5∗′ and nN ↔ nνc
L
. One can also consider the continuous family of rank 5 E6 models
that include the three above, but as far as gauge coupling unifications is concerned they
offer no new features.
An E6 model with three light generations would have n10 = n5∗ = nνc
L
= n5 = n5∗′ =
nN = 3 (from the usual decomposition of the 27 representation). If only complete 27
multiplets of E6 occur, the above coefficients become universal, namely
b1 = b
′
p = b
′′
p = b
′′′
p = 3nG , (104)
b2 = 3nG − 6 , (105)
b3 = 3nG − 9 , (106)
and
b′ij = b
′′
ij = b
′′′
ij =


3 1 3 8
1 3 3 8
1 1 21 8
1 1 3 34


nG +


0
0
−24
−54


. (107)
(d) Specific scenarios
These results allow us to examine gauge unification with different numbers of light gen-
erations of exotic matter, with or without a pair of light Higgses from a split representation.
We recall that the MSSM has n10 = n5∗ = 3, n5 = n5∗′ = 0 with nH = 1 (the distinction
between the 5∗ and 5∗′ is immaterial as far as SU(5) is concerned), and the Higgs contribu-
tion is vital for successful unification.
31
(i) Extensions of the MSSM. Adding just one or two generations of SO(10) 10-plet matter
(n5 = n5∗′ = 1 and keeping nH = 1) yields successful gauge coupling unification as shown
in Fig. 8. With three generations, however, the two-loop corrections threaten to spoil uni-
fication; they also make α3 increase toward the GUT scale (although b3 = 0 at one-loop).
On the other hand, one expects the low-energy threshold corrections to be more significant
in this case [55], and ultimately the success of unification depends on the details of the
low-energy spectrum. [Ref. [55] assumes that the SU(5) multiplets are degenerate at the
GUT scale.]
(ii) E6 based models. Here one needs some split representation since otherwise the elec-
troweak couplings do not run fast enough for successful unification. (Some attempts at E6
phenomenology have assumed that the Higgs pair comes from a complete light representa-
tion.) The two-loop contributions do not help since they tend to slow the running of the
strong coupling constant, or even make it grow in the case where the one-loop beta function
b3 is exactly zero (as happens for three generations of light E6 matter). Although asymptotic
freedom is lost above the exotic fermion mass scale, this is not necessarily a problem for
gauge coupling unification as long as the two-loop effects do not make α3 nonperturbative
below the GUT scale. One has gauge unification at the same scale as in the MSSM (neglect-
ing threshold correction), with unification coupling α3(Mexotic) still perturbative, though
significantly larger than in the MSSM.
(iii) E6 models with nG = 3. In all E6 models one expects α3 to run more slowly than in
the MSSM due to the extra matter in the 5 and 5∗′ representations, keeping α3 bigger and
making two-loop contributions more important. We find that the latter destroy unification
if there are three light generations of E6 matter (very similar to the case in Fig. 8) even
when an extra Higgs pair is included; there are model-dependent deviations from the curves
in Fig. 8, due to the presence of the extra U(1), but these are very small. Gauge coupling
unification would require α3(MZ) to be reduced below the MSSM prediction by about 15%.
Unification could conceivably still be rescued by threshold corrections from large splittings
in the SU(5) multiplets at low energy. With three complete generations excluding the Hig-
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gses, the situation is much worse as shown in Fig. 9.
(iv) SU(5) models with an extra 10 and 10∗. This case is similar to case (iii), since the beta
function coefficients b3 and b33 are the same. Two-loop contributions to the RGE’s become
relatively more important, and gauge coupling unification becomes problematic without
large threshold corrections.
We have followed a philosophy of preferring the least number of split representations
possible. It is possible to make gauge coupling unification work without an intermediate
scale far removed from the electroweak scale by relaxing this constraint. In fact, a non-
supersymmetric left-right E6 model has been proposed recently [56] in which the SU(2)R is
broken at 1 TeV.
(e) Yukawa evolution
One can consider the evolution of Yukawa couplings in this new scenario where the QCD
coupling does not run as rapidly as it does in the MSSM. For b3 = 0 one can immediately
solve the one-loop renormalization group equations (neglecting the SU(2) and U(1) couplings
which are small except near the GUT scale).
Consider the superpotential
W = λtH2,3Qt
c + λbH1,3Qb
c + λτH1,3Lτ
c + λSiS3H1,iH2,i + λdiS3xdix
c
di
. (108)
We define H1,3, H2,3 and S3 to be the linear combination of the Higgs doublets and singlets
that acquire a vev. For the top Yukawa coupling one has (assuming that λb and λτ can be
neglected)
dλt
dt
=
λt
16π2
[
−∑
i
cig
2
i − 3g22 −
16
3
g23 + 6λ
2
t + λ
2
S3
]
, (109)
where gi are the running U(1) gauge couplings (and hence contain some model dependence).
The new couplings that arise from the presence of an electroweak Higgs singlet S evolve as
dλS3
dt
=
λS3
16π2

−∑
i
dig
2
i − 3g22 + 3λ2t + 4λ2S3 + 3
∑
j
λ2dj

 , (110)
dλSi
dt
=
λSi
16π2
[
−∑
i
dig
2
i − 3g22 + 3λ2t + 4λ2Si
]
i 6= 3 , (111)
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dλdi
dt
=
λdi
16π2

−∑
i
eig
2
i −
16
3
g23 + 2λ
2
s + 2λ
2
di
+ 3
∑
j
λ2dj

 , (112)
where ci, di and ei are some (in general model-dependent) coefficients of the U(1) gauge
couplings. We do not assume any SU(5) relation between λSi and λdi .
Since the gauge coupling values near the GUT scale are much larger than they are in the
minimal supersymmetric model, one expects the top Yukawa coupling to be driven much
faster to its fixed point value from below. The general result is that if singlet quarks are
accompanied by other exotics fermions to fill out representations of SU(5), then the top-
quark is driven to its fixed point value (λ2t ≈ 8/9g23) over a wide range of values for the top
quark GUT scale Yukawa; see Fig. 10. The presence of the coupling λS in the top quark
coupling RGE could soften the attraction to the fixed point, but requiring it to remain
perturbative up to the GUT scale prevents it from destroying the fixed point solution, as
shown in the NMSSM model [57].
The linear combinations H1,3, H2,3 and S3 of Higgs fields acquire vevs v2, v1 and vs and
one defines tan β = v2/v1. One gets the usual relations that one has in the MSSM model
λb(mt) =
√
2mb(mb)
ηbv cos β
, λτ (mt) =
√
2mτ (mτ )
ητv cos β
, λt(mt) =
√
2mt(mt)
v sin β
, (113)
in addition to mass relations for the squark singlets and exotic leptons
λdi =
mxdi
vs
, λSi =
mHi
vs
, (114)
ignoring mixing.
The singlet quark Yukawa couplings λdi also have infrared fixed points [58], essentially
given by the condition
2λ2d3 + 3
∑
j
λ2dj =
16
3
g23 . (115)
Unfortunately this does not yield a prediction for the singlet quark mass since the Higgs
singlet vev is a priori unknown. At best one can obtain an upper limit on the ratio mxd/MZ′
[58]. When the singlet quark Yukawa is at its fixed point, it saturates this upper limit.
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One can also consider the implications of bottom-tau unification in the context of these
E6 models. The evolution of the Yukawa couplings is the same as it is for the MSSM,
dRb/τ
dt
=
Rb/τ
16π2
[
−4
3
g21 −
16
3
g23 + λ
2
t + 3λ
2
b − 3λ2τ
]
where Rb/τ ≡ λbλτ . However, we find that since the gauge couplings are larger over the entire
range of scales between MGUT and the electroweak scale, the Yukawa couplings have to
be correspondingly larger to cancel off the contributions from the gauge couplings. In the
MSSM, the top Yukawa is often forced into the infrared fixed point region. In the E6 model
with three light generations, we find that there is no solution that gives an acceptable value
for mb [55].
IX. CONCLUSIONS
Quark singlets offer an interesting example of physics beyond the SM. They mix with
the ordinary fermions. They impact a wide variety of experimental measurements, as they
generate tree-level FCNC’s, introduce unitarity violation in the SM CKM matrix, influence
neutral meson-antimeson oscillations, and modify CP asymmetries. These objects can be
produced by strong, electromagnetic and weak-neutral-current interactions, and produce
interesting decay signatures. Their masses must generally exceed 1
2
MZ ; higher limits 85-131
GeV apply in certain particular scenarios (see Section IV).
We have collected the available bounds on singlet quark mixing; some have been up-
dated; some, such as the B0, D0 → µ+µ− and D → µ+µ−X constraints and the unitarity
implications of FDNC bounds, have not appeared explicitly before (see Sections III-VI).
The present limits on the 4 × 4 mixing matrix elements connecting one new singlet quark
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to standard quarks may be summarized as follows.
Q = −1
3
case limit origin
|Vod| <∼ 0.048 global FDNC
|Vos| <∼ 0.060 global FDNC
|Vob| <∼ 0.045 global FDNC
|Vux| <∼ 0.08 CKM+ unitarity
|Vcx| <∼ 0.09 FDNC+ unitarity
|Vtx| <∼ 0.09 FDNC+ unitarity
|Vox| >∼ 0.996 FDNC+ unitarity
|Vos||Vod| <∼ 3× 10−4 ǫ, δmK(tree)
|Vob||Vod| <∼ 8× 10−4 δmB(tree)
|Vob||Vos| <∼ 2× 10−3 B → ℓ+ℓ−X
|Vcx||Vux| <∼ (1.3GeV)/mx δmD(box)
|Re(V ∗odVos)||Im(V ∗odVos)| <∼ 3× 10−10 ǫK
|Re(V ∗odVos)| <∼ 7× 10−6 KL → µµ
Q = 2
3
case limit origin
|Vˆuo| <∼ 0.049 global FDNC
|Vˆco| <∼ 0.065 global FDNC
|Vˆto| <∼ 1.0 unitarity
|Vˆxd| <∼ 0.15 CKM+ unitarity
|Vˆxs| <∼ 0.56 CKM+ unitarity
|Vˆxb| <∼ 1.0 unitarity
|Vˆco||Vˆuo| <∼ 9× 10−4 δmD(tree)
|Vˆxd||Vˆxb| <∼ 0.03 CKM+ unitarity
We have discussed possible effects of singlet quarks on b → dγ, sγ decays, and have
illustrated how a u-type singlet could either increase or decrease the SM rate for b → sγ
(Fig.4). We have pointed out that small x − q mixing reduces the branching fraction for
36
Z → qq¯ decays; in the interesting case Z → bb¯, this would worsen the present discrepancy
between SM and experiment. We have given new illustrations of ways that singlet quarks
can cause substantial deviations from SM expectations for CP-asymmetries of neutral B
decays (Figs.5-6). The asymmetry Im λ(Bd → ψKS) can have the opposite sign to the SM
value.
In the GUT context, singlet quarks cannot simply be added by themselves to the SM or
MSSM, since this would destroy gauge coupling unification (Fig.7); they must be accompa-
nied by other members of exotic fermion multiplets. Down-type singlet quarks are readily
accommodated in grand unified extensions of the SM; as a minimal scenario, they can be
realized by adding one or more extra generations of 5 and 5∗ representations of SU(5), that
imply extra vector-doublet leptons too. This exotic matter together with the SM matter
content fits into the 27 representation of E6 (which decomposes to 10+5
∗+1+5+5∗′+1 in
an SU(5) subgroup). Adding extra complete multiplets of SU(5) preserves (at the one-loop
level) the successful unification of gauge couplings in the MSSM, since a complete multiplet
contributes equally to the evolution of each coupling. However, more than three generations
of exotic matter will destroy asymptotic freedom for α3 at one loop (Fig.8).
As in the MSSM, gauge coupling unification in a desert model can be achieved by as-
suming that split representations exist. In the context of models with singlet quarks, this
means that there must be an additional pair of light Higgs doublets, in addition to the pairs
that are included with the singlet quarks in the 5 and 5∗ representations. (The MSSM is
then a special case consisting of no singlet quarks and one light pair of Higgs doublets).
An up-type singlet quark is not contained as elegantly in GUT Models; it does not appear
in the smallest representations, and its role is less clear. As a minimal prescription, it can be
introduced by adding one extra light 10 and one 10∗ representation of SU(5) that get their
mass from an SU(5) singlet Higgs boson; this implies extra vector-doublet quarks and a
vector-singlet charged lepton too, preserving MSSM gauge coupling unification with b3 = 0
at one loop (Fig.8). Less minimally, it can also be realized in the SO(10) group with an
extra light 45 (adjoint) representation (which decomposes to 24+10∗+10+1 in an SU(5)
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subgroup), but this leads to nonperturbative gauge couplings at the GUT scale if the entire
45 is required to be light.
Two-loop effects are typically small in most GUT models, but if one includes extra
representations of matter then the evolution of the strong coupling is diminished and it
might even increase (no asymptotic freedom) toward the GUT scale. In a situation where
the strong gauge coupling does not evolve at the one-loop level, we find that the two-
loop effects become relatively more important and can make gauge coupling unification
problematic, e.g. for three complete generations of E6 27-plet matter. However one expects
the low-energy threshold corrections to be more significant in this case, and ultimately the
success of unification depends on the details of the low-energy spectrum. Two-loop effects
also threaten perturbativity and asymptotic freedom of α3 (Figs.8-9).
Fixed points play a role in these extended model, with the top quark and the down-type
singlet(s) masses possibly determined by the gauge couplings and the associated vevs. With
extended matter content and larger gauge couplings, the top Yukawa coupling is driven
to its fixed point faster than before (Fig.10). However, the Yukawa unification condition
λb(MG) = λτ (MG) becomes harder to accomodate, and fails in the E6 model with three light
generations.
X. APPENDIX A
In this appendix we collect a few results needed for the analysis of b → qγ (q = s, d)
in Section VI. The SM magnetic and chromomagnetic couplings for flavor-changing b → q
decays via W loops are given by [59]
f (1)γ =
7− 5x− 8x2
36(x− 1)3 +
x(3x− 2)
6(x− 1)4 ln x , (116)
f (1)g =
2 + 5x− x2
12(x− 1)3 −
x
2(x− 1)4 ln x , (117)
where x = m2t/M
2
W . A down-type singlet quark induces additional Z loops, giving the
replacements
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xf (1)γ →
3
2
xf (1)γ +
(
zqb
VtbV
∗
tq
)(
19
54
− 2
81
sin2 θW
)
, (118)
3
2
xf (1)g →
3
2
xf (1)g +
(
zqb
VtbV
∗
tq
)(
4
9
+
2
27
sin2 θW
)
. (119)
These substitutions then enter into the values of the Wilson coefficients where
c7(MW ) =
[
3
2
xf (1)γ (x) +
(
zqb
VtbV ∗tq
)(
19
54
− 2
81
sin2 θW
)]
, (120)
c8(MW ) =
[
3
2
xf (1)g (x) +
(
zqb
VtbV ∗tq
)(
4
9
+
2
27
sin2 θW
)]
. (121)
The coefficients from the 8× 8 anomalous dimension matrix are [46]
ai = (
14
23
, 16
23
, 6
23
, −12
23
, 0.4086, −0.4230, −0.8994, 0.1456)
hi = (
626126
272277
, −56281
51730
, −3
7
, − 1
14
, −0.6494, −0.0380, −0.0186, −0.0057)
(122)
In the case of up-type singlet quarks the Wilson coefficients are
ct7(MW ) =
3
2
xf (1)γ (x) , (123)
cx7(MW ) =
3
2
yf (1)γ (y) , (124)
ct8(MW ) =
3
2
xf (1)g (x) , (125)
cx8(MW ) =
3
2
yf (1)g (y) , (126)
where y = m2xu/M
2
W .
XI. APPENDIX B
We here collect some two-loop results needed in Section VIII. The two-loop RGE coeffi-
cients for an arbitrary number of 10, 5∗, and 5 representations are
b11 =
23
10
n10 +
7
30
(n5∗ + n5∗′ + n5) +
9
25
nH , (127a)
b12 =
3
10
n10 +
9
10
(n5∗ + n5∗′ + n5) +
9
5
nH , (127b)
b13 =
24
5
n10 +
16
15
(n5∗ + n5∗′ + n5) , (127c)
39
b21 =
1
10
n10 +
3
10
(n5∗ + n5∗′ + n5) +
3
5
nH , (127d)
b22 =
21
2
n10 +
7
2
(n5∗ + n5∗′ + n5) + 7nH − 24 , (127e)
b23 = 8n10 , (127f)
b31 =
3
5
n10 +
2
15
(n5∗ + n5∗′ + n5) , (127g)
b32 = 3n10 , (127h)
b33 = 17n10 +
17
3
(n5∗ + n5∗′ + n5)− 54 , (127i)
in the g1, g2, g3 basis.
The two-loop coefficients for the E6 models are
b′pp =
1
40
n10 +
1
5
(n5∗ + n5) +
81
80
n5∗′ +
25
16
nN +
97
200
nH , (128a)
b′p2 =
3
20
n10 +
1
5
(n5∗ + n5) +
9
20
n5∗′ +
39
100
nH , (128b)
b′p3 =
9
20
n10 +
3
5
(n5∗ + n5) +
27
20
n5∗′ +
39
20
nH , (128c)
b′p4 =
6
5
n10 +
8
5
(n5∗ + n5) +
18
5
n5∗′ , (128d)
b′1p =
3
20
n10 +
1
5
(n5∗ + n5) +
9
20
n5∗′ +
39
100
nH , (128e)
b′11 =
23
10
n10 +
7
30
(n5∗ + n5∗′ + n5) +
9
25
nH , (128f)
b′12 =
3
10
n10 +
9
10
(n5∗ + n5∗′ + n5) +
9
5
nH , (128g)
b′13 =
24
5
n10 +
16
15
(n5∗ + n5∗′ + n5) , (128h)
b′2p =
3
20
n10 +
1
5
(n5∗ + n5) +
9
20
n5∗′ +
13
20
nH , (128i)
b′21 =
1
10
n10 +
3
10
(n5∗ + n5∗′ + n5) +
3
5
nH , (128j)
b′22 =
21
2
n10 +
7
2
(n5∗ + n5∗′ + n5)− 24 , (128k)
b′23 = 8n10 , (128l)
b′3p =
3
20
n10 +
1
5
(n5∗ + n5) +
9
20
n5∗′ , (128m)
b′31 =
3
5
n10 +
2
15
(n5∗ + n5∗′ + n5) , (128n)
b′32 = 3n10 , (128o)
b′33 = 17n10 +
17
3
(n5∗ + n5∗′ + n5)− 54 , (128p)
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b′′pp =
1
40
n10 +
81
80
n5∗ +
1
5
(n5∗′ + n5) +
25
16
nνc
L
+
97
200
nH , (129a)
b′′p1 =
3
20
n10 +
9
20
n5∗ +
1
5
(n5∗′ + n5) +
6
25
nH , (129b)
b′′p2 =
9
20
n10 +
27
20
n5∗ +
3
5
(n5∗′ + n5) +
39
20
nH , (129c)
b′′p3 =
6
5
n10 +
18
5
n5∗ +
8
5
(n5∗′ + n5) , (129d)
b′′p4 =
3
20
n10 +
9
20
n5∗ +
1
5
(n5∗′ + n5) +
6
25
nH , (129e)
b′′11 =
23
10
n10 +
7
30
(n5∗ + n5∗′ + n5) +
9
25
nH , (129f)
b′′12 =
3
10
n10 +
9
10
(n5∗ + n5∗′ + n5) +
9
5
nH , (129g)
b′′13 =
24
5
n10 +
16
15
(n5∗ + n5∗′ + n5) , (129h)
b′′2p =
3
20
n10 +
9
20
n5∗ +
1
5
(n5∗′ + n5) +
13
20
nH , (129i)
b′′21 =
1
10
n10 +
3
10
(n5∗ + n5∗′ + n5) +
3
5
nH , (129j)
b′′22 =
21
2
n10 +
7
2
(n5∗ + n5∗′ + n5)− 24 , (129k)
b′′23 = 8n10 , (129l)
b′′3p =
3
20
n10 +
9
20
n5∗ +
1
5
(n5∗′ + n5) , (129m)
b′′31 =
3
5
n10 +
2
15
(n5∗ + n5∗′ + n5) , (129n)
b′′32 = 3n10 , (129o)
b′′33 = 17n10 +
17
3
(n5∗ + n5∗′ + n5)− 54 , (129p)
b′′′pp =
8
45
n10 +
1
180
(n5∗ + n5∗′) +
64
45
n5 +
25
36
(nN + nνc
L
) +
257
450
nH , (130a)
b′′′p1 =
2
5
n10 +
1
30
(n5∗ + n5∗′) +
8
15
n5 +
17
50
nH , (130b)
b′′′p2 =
6
5
n10 +
1
10
(n5∗ + n5∗′) +
8
5
n5 +
17
10
nH , (130c)
b′′′p3 =
16
5
n10 +
4
15
(n5∗ + n5∗′) +
64
15
n5 , (130d)
b′′′1p =
2
5
n10 +
1
30
(n5∗ + n5∗′) +
8
15
n5 +
17
50
nH , (130e)
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b′′′11 =
23
10
n10 +
7
30
(n5∗ + n5∗′ + n5) +
9
25
nH , (130f)
b′′′12 =
3
10
n10 +
9
10
(n5∗ + n5∗′ + n5) +
9
5
nH , (130g)
b′′′13 =
24
5
n10 +
16
15
(n5∗ + n5∗′ + n5) , (130h)
b′′′2p =
2
5
n10 +
1
30
(n5∗ + n5∗′) +
8
15
n5 +
17
30
nH , (130i)
b′′′21 =
1
10
n10 +
3
10
(n5∗ + n5∗′ + n5) +
3
5
nH , (130j)
b′′′22 =
21
2
n10 +
7
2
(n5∗ + n5∗′ + n5)− 24 , (130k)
b′′′23 = 8n10 , (130l)
b′′′3p =
2
5
n10 +
1
30
(n5∗ + n5∗′) +
8
15
n5 , (130m)
b′′′31 =
3
5
n10 +
2
15
(n5∗ + n5∗′ + n5) , (130n)
b′′′32 = 3n10 , (130o)
b′′′33 = 17n10 +
17
3
(n5∗ + n5∗′ + n5)− 54 . (130p)
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TABLES
TABLE I. FCNC effects of singlet quarks
Qx = −13 Qx = 23
K0-K¯0 osc. Z-exchange box
D0-D¯0 osc. box Z-exchange
B0d-B¯
0
d osc. Z-exchange box
B0s -B¯
0
s osc. Z-exchange box
TABLE II. Quantum numbers of rank 5 E6 models
10 5∗ 1 5∗′ 5 1
Model QL u
c
L e
c
L d
c
L L ν
c
L H x
c
d H xd N
Y
(
×
√
3
5
)
1
6 −23 1 13 −12 0 −12 13 12 −13 0
Y ′
(
×
√
1
40
)
−1 −1 −1 −2 −2 0 3 3 2 2 −5
Y ′′
(
×
√
1
40
)
−1 −1 −1 3 3 −5 −2 −2 2 2 0
Y ′′′
(
×
√
1
15
)
−1 −1 −1 12 12 −52 12 12 2 2 −52
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FIGURES
FIG. 1. Unitarity of the 3 × 3 CKM matrix implies triangle relations like the one shown. In
4× 4 mixing cases the triangle relations become quadrangle relations.
FIG. 2. The Z → x¯x contribution to the toal Z decay width ΓZ is shown versus mx for
Qx = −13 and 23 .
FIG. 3. Singlet quark mixing can give meson-antimeson oscillations via induced FCNC tree
diagrams (a) and via box diagrams (b), illustrated here for the B0d −B
0
d case.
FIG. 4. Effects of a Q = 23 singlet quark on b→ sγ decay. The branching fraction normalized
to the SM value is shown versus the singlet quark mass. The curves are labelled by the values of
|Vˆ ∗xsVˆxb|; we assume that Vˆ ∗xsVˆxb and Vˆ ∗tsVˆtb have the same phase within an overall ± sign, shown
on the label.
FIG. 5. The CP asymmetry Im λ(Bd → ψKS) in the presence of down-type singlet quarks.
The band indicates the present uncertainty in the SM prediction. For some values of δd and θbd
(defined by Eq. (83)) there are no solutions as the unitarity quadrangle cannot be made to close.
FIG. 6. The CP asymmetry Im λ(Bd → pi+pi−) in the presence of down-type singlet quarks.
The entire range is allowed in the SM. The parameters δd and θbd are defined by Eq. (83).
FIG. 7. One-loop gauge coupling evolution, adding either one d-type singlet (nxd = 1) or one
u-type singlet (nxu = 1) to the MSSM. The singlets leave the SU(2)L gauge coupling unaffected
at one-loop, but alter the evolution of the other gauge couplings and destroy unification.
FIG. 8. One-loop and two-loop gauge coupling evolution with the addition of different numbers
of light 10 multiplets of SO(10) to the MSSM. Successful gauge coupling unification is preserved
with the addition of one or two 10-plets, but is threatened by two-loop effects when three light
10-plets are added to the MSSM.
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FIG. 9. Two-loop gauge coupling evolution where the electroweak scale matter consists of
three light 27’s. Gauge coupling unification is unsuccessful without the presence of a light pair of
Higgs doublets from a split representation. The result for the case including a pair of light Higgs
doublets is shown in Fig. (8).
FIG. 10. The evolution of the top quark Yukawa coupling in the presence of three light 10
multiplets of SO(10) added to the MSSM. The top quark Yukawa coupling reaches its infrared
fixed point for a large range of initial (GUT) values, λtG. The curves show λtG between 0.2 and 4
in increments of 0.2.
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